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ABSTRACT

We deal with two natural examples of almost-elementary classes: the
class of all Banach spaces (over R or C} and the class of all groups. We
show that both of these classes do not have the strict order property, and
find the exact place of each one of them in Shelah’s SOP, (strong order
property of order n) hierarchy. Remembering the connection between
this hierarchy and the existence of universal models, we conclude, for
example, that there are “few” universal Banach spaces (under isometry)
of regular density characters.

1. Introduction and preliminaries

In this paper we investigate two natural classes—the class of all Banach spaces
(real or complex) and the class of all groups, from the point of view of model
theory, more precisely, of Shelah’s classification theory for classes of logical struc-
tures. Classification theory is an attempt to classify theories/classes of mod-
els according to their model-theoretical complexity—number of nonisomorphic
models, number of nonisomorphic relatively “nice” models, existence of “nice”
(saturated, universal) models, etc. In order to analyze structure of classes, cer-
tain syntactical properties were defined, some well-known, like the order prop-
erty (equivalent to non-stability, see [Sh:c], chapter I) and the tree property
(equivalent to non-simplicity, see [Sh93], [KimP4il]), some less known, e.g., the
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strict/strong order properties (SOP), see Definition 1.1 below. In this article
we test the classes in question with respect to these properties, as well as a
semantic property of existence of universal models, which is closely connected
to SOP.

It follows from results proven here that Banach spaces and groups are not
stable and even not simple, but on the other hand, neither of these classes has
the strict order property. We do more: we find the exact position of each one
of these classes in the SOP, complexity hierarchy defined in [Sh500], namely
we show that Banach spaces have SOP, for all n, and even FSOP (finitary
strong order property), but do not have the strict order property. This is done
in sections 2 and 3. In section 4 we show that groups have SOP;, but not SOP;.
In section 2 we also derive a conclusion considering nonexistence of universal
Banach spaces in many cardinalities.

Apart from giving particular information about Banach spaces or groups, this
work also gives a certain intuition on the SOPF, hierarchy by exhibiting natural,
“mathematically concrete” examples of classes that occupy nontrivial positions
in it. For instance, no “interesting” example of a theory/class with FSOP but
without the strict order property was known before.

Note that in this paper we are not investigating the first order theory of a
particular Banach space or group. Rather than that, we are interested in the
class of all groups and the class of all Banach spaces, with the natural notion of
submodel: subgroup in the case of groups, linear subspace with induced norm
in the case of normed spaces. So types in these classes are determined by the
natural embeddings/isomorphisms: isomorphisms of groups in the first case,
linear isometries in the second one. In other words, the appropriate notion of
type for us is the quantifier free type. So when we say “formula”, we mean
quantifier free formula, the same with types (unless specified otherwise).

In short, we are treating both classes as classes of models of universal the-
ories, or (as both have amalgamation) as so-called Robinson theories. Groups
is an example of a classical Robinson theory, see [Sh54] (called “classes of kind
I1” there), [Hr]. Banach spaces form a positive Robinson theory, see [Ben02].
Robinson theories are characterized (see [Hr], [Ben02]) by existence of universal
domains, i.e. universal (for the class) homogeneous models, compact for quan-
tifier free types (in the positive case—positive q.f. types, see a more detailed
explanation below). We will fix such “monster” models for each class in ques-
tion in “big enough” cardinalities, and all our discussions will take place inside
these universal domains.
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We recall now the definitions of strong/strict order properties ([Sh500]):

Definition 1.1:

(1)

(2)

@3)

4)

()
(6)

We say that a formula ¢(Z,§) (or a type p(Z,7)) exemplifies the strict
order property (strictOP) in a model M if it defines a partial order on M
with infinite indiscernible chains.

We say that a formula ¢(Z,§) (or a type p(Z,§)) exemplifies the strong
order property of order n (SOP,) (for n > 3) in M if it defines on M a
graph with infinite indiscernible chains and no cycles of size n.

We say that a formula ¢(Z,7) (or a type p(Z,7)) exemplifies the strong
order property of order < n (SOP<y) (for n > 3) in M if it defines on
M a graph with infinite indiscernible chains and no cycles of size smaller
than or equal to n.

We say that a type p(Z,§) (&, § can be of infinite length) exemplifies the
strong order property (SOP) in M if it defines on M a graph with infinite
indiscernible chains and no cycles at all.

We say that a type p(Z,§) exemplifies the finitary strong order property
(FSOP) in M if it exemplifies the SOPin M and z, § are of finite length.
We say that a formula/type exemplifies SOP,/SOP<,/SOP/FSOP/
strict OP in a (positive) Robinson theory T if it exemplifies it in the
universal domain of T. We say that T has one of the above properties if
some (positive) quantifier free formula/type exemplifies it.

Remark 1.2:

(1)
(2)
(3)

Obviously, strict OP=FSOP=SOP=SOP, for all n. Al these
implications are known to be proper (see [Sh500]).

SOP, +1=SOP, for all n (this is less obvious, but still easy—see [Sh500]).
This implication is also proper.

A first order theory T has SOP,<= it has SOP<, — once again, see
[Sh500]. The right-to-left direction is, of course, obvious; in order to go
from left to right, one might have to change the formula that exemplifies
the property.

Once we enlarge our logic so that it is possible to define transitive closure
of a (type-)definable relation (for example, going to L, ), the strict order
property loses its meaning and becomes equivalent to the SOP. But in
the first order logic, and even in other logics which are still compact,
these two properties might differ. We shall see that the class of Banach
spaces equipped with any logic satisfying Los theorem (in particular, with
Henson’s logic, see below) exemplifies this.
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The SOP, hierarchy is connected in the following way to the well-known
classes of stable and simple theories:

Fact 1.3 ([Sh500]): Any theory/class with SOP; is not simple (and therefore
not stable). This implication is proper, i.e. there exists a non-simple NSOP;
theory.

So SOP, hierarchy is “above” simple theories from the point of view of classi-
fication theory (i.e., more complicated), but yet below theories with strict order
property. So by [Sh:c], theorem 4.7, all theories in the SOP, hierarchy (prop-
erly, i.e. unstable and without the strict order property) have the independence
property ([Sh:c], definition 4.3). In particular, this holds for Banach spaces and
groups.

As most people are unfamiliar with positive model theory, we will discuss now
the class of Banach spaces in more detail. In order to turn Banach spaces into a
positive Robinson theory, one has to equip it with the positive strongly bounded
logic. One way to do this is introducing (in addition to the language of a vector
space over a fixed field) predicates Py, () for every 0 < @1 < go rationals
(interpreted in the models as “g1 < ||z || < ¢2”) and allowing only positive
formulae (i.e. the only admissible connectives are disjunction and conjunction).

These formulae are in particular positive bounded in the sense of Henson,
therefore results proven in [Henlov] hold for them. For instance, this logic is
preserved under taking ultraproducts; see the ultraproduct theorem (1.4) below.
In fact, this theorem is one way of showing compactness in the universal domain
of the class of Banach spaces.

See [Henlov] for the basics of positive model theory and [Ben02] on positive
Robinson theories. One can enrich the language, but this basic one will do for
our purposes.

In section 2 we show that there exist normed spaces with SOP,, exemplified
by quantifier free basic positive strongly bounded formulae, and in fact there
exists a normed space with “uniform” definition of those properties, i.e. FSOP.
This is a strong nonstructure result for the class of all normed spaces, and the
logic exemplifying it is the most simple and basic one. No special property of
Banach spaces as a Robinson theory (i.e. compactness) is used in that proof
except the fact that we don’t have to care about indiscernibility of sequences
exemplifying the order properties; see 1.12. We could have avoided this usage,
but see no need of doing that, as all the formulae appearing in the proof are
positive strongly bounded, therefore there is no harm in working in a universal
domain (which is compact for these formulae).
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In section 3 we show that the strict order property cannot be exemplified
in the universal domain of the class of Banach spaces by a positive bounded
formula. This is done using compactness of the monster model. More precisely,
we use the following Henson'’s version of Lo$ theorem for positive formulae with
bounded parameters. We state only one direction of the theorem, because no
new notions have to be defined in order to formulate it, and this is the only
direction we're using here. See [Henlov] for more versions of compactness in
positive bounded logics, precise definitions of the ultraproduct and proofs.

THEOREM 1.4: Let V = (V; : i € I) be a sequence of normed spaces, I infinite.
Let U be a non-principal countably incomplete ultrafilter on I, and let V be the
ultraproduct of V modulo Y, or, more precisely, the Banach space which is (a
completion of) the normed space we get by “throwing away” all the elements
with infinite norm from the ultraproduct and dividing by the infinitesimals. Let
T € Vi, U = {(v55: § < j*) (j* does not depend on ¢). Suppose there exists a
uniform bound for (|| v, ; ||.i € I,§ < j*). Denote & = (v; : i € I) /8. Then for
every positive bounded formula ¢(Z), len(Z) = j*, {i: ViE p(@:)} e U=V E
¢(D).

Proof: This follows from a combination of theorems and propositions proved in
[HenIov]. The proofs (as well as formulations) of those theorems use the notion
of “approximate satisfaction” which we do not define here. Those who would
like to see the whole proof will have to follow the following lead: first, recall that
if a formula holds, then certainly so do all its approximations. Now combine
[Henlov] (9.2) with the fact that the ultraproduct is N;-saturated by [Henlov]
(9.18) and [Henlov] (9.20). n

Remark 1.5: Readers who are worried about the notion of approximate satis-
faction that was ignored, should note that we will use the theorem for quantifier
free positive bounded formulae, for which notions of approximate satisfaction
and regular satisfaction coincide.

Another “test” line for classification of classes of models we consider here is
whether or not a class can admit a universal model in certain cardinals. The
questions discussed are the following (note that (2) seems more natural for our
context than (1)):

QUESTION 1.6:
(1) In which regular A can the class of normed spaces have universal models,
ie. in which regular cardinalities can there exist a normed space that
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embeds (isometrically) any normed space of the same cardinality (and
less)?

(2) For which regular powers A can there exist a Banach space B of density
A, which is universal (under isometries) for spaces of density < A (that is,
every Banach space of density < A is isometrically embeddable to B)?

These questions are certainly interesting for logicians investigating model the-
ory of Banach spaces, but they can also be of some interest to functional ana-
lysts. Unlike saturated, big, compact models, etc., the concept and the impor-
tance of universal objects are well understood outside logic as well. Universal
Banach spaces, for example, were studied by Banach himself in [Ban], and Szlenk
in [Sz] showed there is no universal reflexive separable Banach space. Logicians
and analysts do not always agree, though, on the question what a universal
Banach space is. In the theory of Banach spaces more kinds of embeddings
than just isometries (which are the natural functions between normed spaces as
logical structures) are allowed. Therefore, the results here may not be of highest
interest to non-logicians. In any case, we will present almost a full answer to
1.6.

Although questions concerning the universality spectrum seem no less natu-
ral (or maybe even more so, especially to non-logicians) than the spectrum of
saturation, calculating it is much harder. Every theory T has a saturated model
in a regular A = A<* > |T|. Considering other A > |T'|, T has a saturated model
in such A if and only if T is stable in A. There is no similar result for universal
models. Moreover, the universal spectrum is not absolute, so we have to deal
with consistency results, as will be explained below.

Every saturated model is universal, therefore there exists a universal model
(of every theory T) in every regular A = A<*. In fact, existence of a universal
model can be shown by a straightforward construction for every first order
theory and many non-elementary classes, in particular those discussed in this
paper, in every regular A = 2<*. But what about other regular cardinals? It
is not hard to see that it is consistent for every T' not to have a universal in a
regular A < 2<* (see the appendix of [KjSh409]). Therefore, the only question
one can ask for a given theory T is: for which regular A < 2<* is it consistent
that T has a universal model in \?

A group including the first author as well as Grossberg, Kojman, DZzamonja
and others has been interested in this question for particular theories and classes
of theories. In [GrSh174], [Sh175], [Sh457], {(DzSh614], [Dz} some positive (con-
sistency) results can be found.
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In [KjSh409], Kojman and Shelah showed a negative result very important
for our discussion here:

THEOREM 1.7 ([KjSh409]): Suppose X is a regular cardinal such that for some
cardinal k, kKt < X\ < 2%. Then there is no universal linear order of cardinality
A. Moreover, no theory with the strict order property (see Definition 1.1) has a
universal model in .

Remark 1.8: We will call a regular A which satisfies the assumption of 1.7, a
cardinal which is far from the GCH.

Remark 1.9: See [KjSh409] for results on singular cardinalities.

In [Sh500] the first author generalized 1.7 to theories which have a weaker
property than the strict order property—SOP; (see 1.1). This is the most
general known negative result, and the conjecture is that it cannot be generalized
to bigger classes. We will use this result in the paper, so it should be formalized
explicitly in a way that will come handy later:

THEOREM 1.10 ([Sh500]): No theory/class with SOP, has a universal model
in a cardinal which is far from the GCH. Moreover, suppose X is far from the
GCH, M is a model, ©(Z,y) exemplifies SOPy in M. Then there exists a linear
order J of cardinality A such that there is no sequence of length(Z)-tuples of
order type J in M ordered by o(Z,§).

So the result that the class of Banach spaces has SOP, gives a partial answer
to Question 1.6. Together with the fact that there exists a universal Banach
space in every regular A = 2<%, we get a pretty good idea about the universality
spectrum of Banach spaces.

Lastly, we point out that the requirement of indiscernibility of the infinite
chains in the definition of the strong/strict order properties can be omitted.
This will make our life easier when we prove those properties (in sections 2 and
4).

Suppose there exists in a “monster” model M an infinite sequence (a; : 1 < w)
satisfying ¢ < j=>M = ¢(a;,d;). Then by compactness, there is such a se-
quence of any length in M. Therefore, using the Erdés-Rado theorem, without
loss of generality the original w-sequence (@; : 1 < w) is also indiscernible. Now,
again by compactness, there is an indiscernible chain as required of any length
and order type (just a chain of the same type as (a; : 1 < w)).

To be more precise, we are using the following;:
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FacT 1.11: Suppose there exists an infinite sequence (@; :4 € I) (I—some
infinite ordered set) in the universal domain M of some (positive) Robinson
theory T, and let A be a finite set of formulae in the logic of T' (note that
the logic of T is compact). Then for any infinite ordered set J, there exists an
indiscernible sequence (b; : i € J) such that for all n there exist 4; < --- < i, in I

satisfying tpa (Bo, ..., bn-1) D tpa (@;,,---,a;, ). In particular, if A = {p(z,y)}
and (@;,a;) holds for all i < j € I, the same thing holds for (b; : i € J).

Proof: Use Erdés—Rado and compactness, exactly like the case of M a big
model of a first order theory. For more details, see {Ben03]. |

We will use the following immediate corollary:

COROLLARY 1.12:

(1) If M is the universal domain of a (positive) Robinson theory and we are in-
terested in strict/strong order properties exemplified in it, indiscernibility
can be omitted from all the items of Definition 1.1.

(2) If T is a (positive) Robinson theory with the universal domain M
(or M is just a homogeneous model compact in the logic £), T has
SOP/FSOP/SOP,/SOP<y/strict OP in L<= it is exemplified in M
by some formula in £ with indiscernible infinite chains of any order type
<= it is exemplified in M by some formula in L with an infinite (not
necessarily indiscernible) chain.

2. Banach spaces have FSOP
Let F be either R or C.

Notation 2.1: We denote the “monster” Banach space (the universal domain
of the positive Robinson theory of all Banach spaces) over F by B. We identify
the class (the Robinson theory) of Banach spaces with B. So saying “B has or
does not have property X” implies that the class has or does not have it.

THEOREM 2.2: B has SOP, for alln > 3. Moreover, there is a positive strongly
bounded quantifier free formula ¢, (Z, §) exemplifying SOP<,, in B withlen % =
leng = 2: such that Pn42 (i>g) F (pn(j7g)

Proof: Choose n > 2.
First we define a seminormed space By. As a vector space over F, its basis is
{aa : a<w}U{bs : a<w}. The seminorm is defined by s(v) = sup,,, {|f(v)|},
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where f, is a functional defined on the basis as follows:

fylae) =1 ifa<y, filan)=0 ifa>7y,
frlba) =0 ifa<y, fy(be)=1 ifa>y,

and extended to every v € By in the only possible way. Note that in fact
s(v) = max,«, {|fy(v)|} (ie. the seminorm is finite). It is not a norm: it’s
easy to see that, for example, s(ag — a1 — by + bg) = 0. So we define B; as the
normed space By/{v: s(v) =0}. Note that {ay:a <w}U{by:a <w}isno
longer a basis for B;, though it certainly still is a set that generates the vector
space. The following easy fact will be important for us:
® 2.21 {aq :a < w}U{by : @ < w} is a sequence of distinct non-zero elements
in B;.

Now denote the completion of By by B (of which we can think as of a subspace
of the “monster” B).

Now we define a term in the language of Banach spaces (a positive bounded
term) 7, ¢(2,y) by

Tne(z,y) = (n — 20z + (n — 20+ 1)y.
Now define ¢y, r.o = Tn,e(aq, ba), i-e.

Cntye = (N —20)aq + (n — 20+ 1)b,.
It is clear from the definitions that

[fy(enea)l=n—-2¢, fa<ny

and

[fy(enta)l=n—20+1, fa>ny.
Therefore {check the calculation),

® 2.2.2
/\ /\ llcn,e4+1,6 = n,eall = 2.

a<f<wl<n
In this case the maximum is achieved when either y < a < fora< g <.
For example, if o < § < v, then fy(cnra) = n — 2¢, while fy(che41,8) =
n—2(l+1)=n-20-2.
Also,
® 223
/\ /\ “cn,m,a - Cn,O,ﬁ” =2m+ 1.

a<f<wm<n
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In this case the maximum is achieved when a < v < 8, then f,(chma) =
n —2m, while f,(ch08) =n+1.
Now we define ¢, = pn (191, Z2y2):

Pn = /\ (ITn,e1(@2, y2) = ez, 1)l £ 2) &

£<n
/\ (“Tn,m(xlayl) - Tn,O(Z2,y2)“ >2m+1) &
m<n
/\ ([I7n,m(Z1,91) = Tn0(T2, y2)[ < 2m + 2).
m<n

Remark 2.2.4: The last demand is not needed; as the reader will see in the
proof, its only purpose is to make the formula strongly bounded. Readers who
are interested only in Henson and Iovino’s logic can just omit it.

Now we shall show that ¢, exemplifies SOP<,, in B. First, by 2.2.2,2.2.3, and
of course 2.2.1, the sequence (asb, : @ < w) verifies the first part of the definition
(in B, of which we think as of a subspace of B), i.e. it is an infinite chain of the
graph defined by ¢, on B (by 1.12, we don’t need to prove indiscernibility).

The only thing that is left to verify is that there are no cycles of length < n
in this graph, and this is an immediate consequence of the triangle inequality
(well hidden under the cover of long formulae):

Suppose 2 < m < n, and suppose there are {¢;,d; : i < m) in B such that
B pn(cids, civ1diy1) for ¢ <m and B | @n(cmdm,codo). Then in particular,
from B = ¢n(cidi, civ1dit1) for ¢ < m follows (taking only the “first component”
of ¢n)
® 2.2.5

N (i1 (cirt, digr) = Tmilei, di)l] < 2).
<<m

On the other hand, B | ¢n(cmdm,codp) implies (taking only the “second
component” of v,,)
® 2.2.6

IITn,m(Cm,dm) - Tn,O(CO,dO)” 2 2m + 1.
But from 2.2.5 it follows that
(17n,m (Cm, dm) = Tn,0(co, do)|| <l|Tn,m{Cmsdm) — Tn,m-1(Cm—1,dm—1)||

4.4 ”Tn,l(chdl) - Tn,O(COde)”
<2m,

which contradicts 2.2.6.
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Remark 2.2.7: Careful readers have probably noted that we actually showed
that ¢, exemplifies SOP<(n41) in B, but it doesn’t matter for our discussion.

We know now that ¢, exemplifies SOP<,. In order to complete the proof
of the theorem, we need to show that ,40 F ¢, for all n > 3. For this, just
note that 7, ¢(z y) = Tnt2,e41(2,y), and the rest follows immediately from the
definition of ¢,,. ]

As corollaries, we derive several nonstructure results. The first one appears
also in {Ben03]:

COROLLARY 2.3: The class of Banach spaces is not simple, i.e. there exists a
Banach space, which is not simple, therefore not stable.

Proof: See 1.3. n

The following corollary can be summarized as “universal normed spaces in
regular cardinals exist only if they have to”, i.e. there are “few” universal normed
spaces (under isometry).

COROLLARY 2.4: Suppose X is a regular cardinal far from the GCH (see 1.8).
Then there is no universal normed space of cardinality A (under isometries).

Proof: SOP; is enough for this result—see 1.10 ([Sh500], Theorem 2.13). 1

Remark 2.5: This almost answers 1.6(1).

In fact, if we look closer at 1.10, we'll find out that a more interesting (for
our context) result can be formalized:

COROLLARY 2.6: Suppose X is a regular cardinal far from the GCH (see 1.8).
Then there is no universal model for the class of Banach spaces of density A
(under isometries).

Proof: Let M be a candidate. By universality, it certainly embeds B from the
proof of 2.2, and on the other hand is itself embedded in the “monster”. So there
is p(Z,§) exemplifying SOP; in it. Let J be as in 1.10. Now the Banach space
By, built in a similar way as B with basis of order type J (so its density is at
most ), cannot be embedded into M, which is a contradiction to universality.
|

Remark 2.7: This almost answers 1.6(2).
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COROLLARY 2.8: There exists a positive strongly bounded quantifier free type
p(Z,g) with len(z) = len(§) = 2, exemplifying FSOP in B.

Proof: Choose
p(z,9) = /\ P2n+3(Z,9);

new
p is consistent by compactness, as ¢, +2(Z, §) implies ¢, (Z, 7). Now, as ¢, (Z,7)
exemplifies SOP<y, in B, and (a4bs : @ < w) from the proof of 2.2 is an infinite
sequence ordered by ¢, for every n, the result is clear. |

3. Banach spaces do not have the strict order property

A natural question after we have shown 2.8 is: does B have the strict order
property? Or, a more general question: does having a (type-definable) graph as
in 2.8 imply the strict order property (maybe also type-definable)? Suppose we
gave up compactness and allowed ourselves L, ,, formulae, i.e. infinite disjunc-
tions as well as infinite conjunctions. Then the answer to the second question
is certainly positive, as one can define the transitive closure of a relation using
an infinite disjunction, and the transitive closure of p(Z,§) is easily seen to be
a partial order on B. But in our case the implication is not clear, and in fact
turns out to be false—we will give a negative answer to the first question (and
therefore to the second one). So the positive Robinson theory of Banach spaces
turns out to be an example of a class having a “uniform” definition of SOP,,
but yet without the strict OP.

THEOREM 3.1: B does not have the strict order property exemplified by a
positive bounded type (in particular, B doesn’t have the strict OP exemplified
by a p.b. formula).

Proof: Suppose towards a contradiction that ¢(Z,7) is a positive bounded
type which exemplifies strict OP in B. So for every linear order I, there is an
indiscernible sequence (@, : 1 € I) which is linearly ordered by ¢(Z,y). We will
choose I = Z with the usual order.

Denote len(z) = len(g) in ¢(Z,§) by n and assume wlog that there exists
n* < nsuch that A, ,.(a;¢c =a;) foralli eI and (@;r:n* <€<n,i€l)is
a linearly independent sequence over (a; : £ < n*). In other words, we assume

Assumption 3.1.1: {(a; :£<n*}J(Gip:n*<{<n,i€I) is a basis for
((_l,' 1€ I)B.
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Define for k < w, B}, = (@, Gx41)5. Denote, for any ky > ki1 + 1, B, N By,
by V'~ (generated by (aj : £ < n*)).

Pick m < w and define V,,, as a vector subspace (over F) generated by
(Gg,@1,-..,am) in B. Note that by 3.1.1, V;, (as a vector space) is just a
free amalgamation of BY,...,B,,_;, over (@1),...,{Gx—1) and V~. We shall
define three different norms on V. In order not to get confused between
the original indiscernible sequence and the new normed space that we are go-
ing to define, we'll write (b; : i < m) instead of (G;:4 <m). Let hy: V;, = B
and h_;: Vi, = B be natural (linear) embeddings such that for 0 < k < m,
hy(br) = G and h_y(bx) = @_y. Let goy: (be) = (bx) be the natural isomor-
phism mapping b, onto b and gi = go . Let hf,: (b)) — (a¢)p be the natural
isomorphism mapping by onto ay, i.e. hf; =hy [ {be) o Gkt

Now we define three different norms on B}, (for k¥ < m). || -]|; is a norm
induced by hy (which is in fact the identity), || - ||-1 is induced by h_1, lastly
I| - llo is defined by max{|| - [|1,]] - ||-1}. Now we expand these definitions to
Vin: define for t € V,,,

i€{0,1, =1}, [t fl=inf {Y_ |l tx lli: tx € By, )t =t}

k<m k<m

In other words, V,, as a normed space (with three different norms) is defined
by induction on m: for m =1 it is just B}, Vip41 is the amalgamation (in the
regular sense of normed spaces) of V,,, and B/, over (b,,,). In particular, V,, and
B;, agree on the definitions of the norms, and so do Vy,; and Vi, for m; < ms.

Therefore, when we use norms || - ||;, we will not specify in which V,, they are
calculated.
In fact, eventually we’ll be interested only in || - ||;. Our goal is to show that

taking free amalgamations of (g, @1)8 - - . {Gm~1,3m )5 leads (in the limit, when
m tends to infinity — and here is where the compactness of our logic will be
used) to a symmetric type. The two other norms are useful for showing the
limit is symmetric, and their role will become clear in 3.1.4.

Note an easy but important observation:

Remark 3.1.2: For all r € Vi, 4 € {1, -1}, || 7 | > || hs(r) |8

Proof: By the definition of || - ||;, given € > 0, there are t, € B, for p < m

such that r = 37 tp and || r|li+e > 2 ol tp lli = Xpem Il Riltp) l5-
The last equality is true by the definition of || - [|; on B,. As h; is linear, we

conclude || k(1) Il = | Bs(pem t) 15 < Sy | Bslt) lls < Il [ls+2. As e
was arbitrary, we are done. |
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Let r',r" € (bp). Define for 0 < k < m, ry = 7' + gp(r"). We will be
interested in || ry ||; for s € {0,1,—1}. Note that by the definition of the norm
I - lli, for each € > 0, there are t, € B, for p < k such that ry = 2p<k t, and
lrelli+e >3, e lltp li > 1l 7 [ls- In the following claim we will see what ¢,
as above look like.

Denote (for k < m) Vi = (b¢ : n* < £ < n)y,,. Denote (for £ < n*) b} = by
for some/all k < w, so b; = aj. We will still write V'~ for (b} : ¢ < n*)y,, =
(a; : £ < n*)p.

CLaM 3.1.3: Let t, € By, such that 7y = 3. _, t,. Then there exist 1}, € (b,)
and s, € V™ for 0 < p < ksuchthatt, = —r, + 7, +8p and for 0 < p <
k,r, € V. Moreover, we may assume ro, = —r' and rj, = gi(r"), therefore

Ep<k sp =0.

Proof: As t, € B, we can write for every p < k, t, = fpp1 — 7 + 5
for fpy1 € V51,7 € V;F and s, € V7. So we get rp = ' + gi(r") =
—Fo + Pocpen(fp = Tp) + 75 + > p<k Sp- By 3.1.1 and the definition of Vp,,
(b €< n*)U(big:n* << n,% <m)is a basis of V,,. As 7, and 7, are both
elements of V,}, remembering the fact that ry = r'+ gi(r"), where v’ € {bo) and
r’" € (by), we get that necessarily 7, = 7,. For 0 < p < k, this is going to be
7, As the claim does not demand 75,7, ¢ V~, and we know that ' +7 € V—,
as well as g (r") — 7, by changing s and s;_;, we may assume 7o = —r' and
fr=gr(r"). Asri=—rg+71 + 3 ) 5p We get 3 1 5p =0. |

Now we shall show

Cramm 3.1.4:
(1) Foreachi € {0,1,—1},|| 7« ||; is an increasing (with k) uniformly bounded
sequence (the bound does not depend on m).
(2) For each j > 1, m = j2, for eachi € {0,1,—1}, |rm llo > Il ™m Il: >
(1+2/5) 7 llo.

Proof:
(1) First we show the boundedness: || 7' + ge (") |li < || 7" li + 1| gx(*") |l =
R (') Hls + | ha(gr(r™)) lls = | ha(r') lls + || ha(r”) |l8. So as we see,
the bound does not depend on m.
Now suppose k < £. We aim to show that || 7% ||; < || r¢ |l;. First we’ll

prove this for ¢ = 1.
Choose ¢ > 0. By the definition, there exist ¢, € B, such that r, =

2pcetpand |7l S ol SHlre ll+e
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Let r, € (by) and s, € V~ for 0 < p < ¢ be as in 3.1.3.
Then

e =71+ gr(r") = =15 + ge(r")

=1+ =T HTh =TTy~ T +gk(r")+zs,,
p<t

(remember: 37, s, =0).
Therefore,
® 3.1.5:

e lh <l =ro+ry+solh+l—ri+rs+s ]+

Hl=rio o)+ D splh
k—-1<p<{

Remembering that
| =rko1 + k(") + s [l =l ha(=ri_y + g (") +5) I8

for s € V™ (as —r_y + gx(r"") + s € B;_,) and using the fact that h; is
linear, we get

1

’ —T_1 +gk(r") + Z Sp
k—1<p<t

hi(=7i_1) + hi(ge(r™)) + by ( Z s,,)

k—-1<p<¢

B

Now by the indiscernibility of @; in B (note that k —1 < k, k-1 < {),

mlor) il b s)

k—1<p<{

ha(=r 1) + B (ge(r")) + by (

B

. 5 )

k—1<p<t

‘hl(—r;_1+ge(r")+ T s

k—-1<p<t

B

.
But by 3.1.2,

hl(—rfc_1+gg(r")+ Z sp>

k-1<p<t

< ” — Ty + 9e(r") + Z Sp
k—1<p<t

B

1
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Combining all the above,

® 3.1.6:

—Tho1 +ge(r’") + Z Sp
k—1<p<t

H =7 +ar(r") + Z Sp

k—1<p<?

< (

1 1

Now we will go back to 3.1.5 and use 3.1.6:
Il <l =ro+ri+s0ll+Il—ry+re+s1fl+--

+ i = rp_y (") + Z Sp
k—1<p<¢

< -ro+ri+solli+ll —rp+rg+s1ili+--

1

+ || = rpq +ge(r") + Z Sp
k—-1<p<?

= —rp+r +so i~ Fs i+

1

! ! ! ! ! n
F || = rhoy Tk = TR T — ey + ge(rT)+ Z Sp
k—1<p<t

SZ“ —1p + Ty +8p I :Z“ tolli <limufh +e
p<l p<t

1

As e was arbitrary, we finish for the case ¢ = 1. The same argument is

used for 7 = —1, and the case ¢ = 0 follows.
(2) Define (just for the proof) B;; = (a;,a;)p. Just as in case of (b;,b;), we

can define three norms on B; ;: one is induced from the original norm on
B (an analog of || - ||1), the second one is induced from the norm on B; ;,
using the isomorphism from B, ; onto B; ; taking @; onto @; and vice versa
(an analog of || - ||=1). The third norm on B; ; (the one we will be actually
interested in) will be denoted by || - ||gpe=, and it is naturally an analog
of || - |lo, i-e. the maximum of the first two norms.

So we start the proof with the following

MAIN CLAIM 3.1.7:  Suppose m > k+1, cx € (bx)v,., Cm € (bm)v,.. De-
note T = ¢~k € (b, br)v,, - Then || 7 ||y > (14+=25) 7 - || ha(r) llBpas.
Proof of the Main Claim: First of all, wlog k = 0. Pick € > 0. By the
definition of || - ||}, there are ¢, € B, for p < m such that r = £t, and
Hrli+e> 2tk > |7 |li. By the same argument as in 3.1.3, we
can find ¢, € (b,) for p < m such that for all p, t, = cp+1 — cp. Denote
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Ity Il = [l b (t5) l1s by g- So
17 1l +€ > Zpemep 2 17 [
and we aim to show
2
1A ) g < (14 =) 7 .

Instead, we will show

2
() lsggr < (14 =) - Zope

This will certainly suffice, as this will imply

1) llggse < (14 2) A+ (14 =) e

and ¢ was arbitrary, while m here is fixed.
By 3.1.2, [ As(r) lls < |l 7 Il < Top < (14 2) - Tgp. Therefore it’s left
to show that

2
I h-s) lls < (14 =) - Zep.

Denote for p < m and a € I, ¢j = hy(cy). By the indiscernibility of Gq,
foralla < g el

op =y — S |ls

Also, denote for some/all a < 8
o =1l -2 .
Note that ¢* = || h—1(r) ||5, so our goal is
[ (1 + %) - Zop.
For every a < § € I there is a functional f, g: B — F such that
| fap Il =1, fop(ct ~ i) = 0.

Choose £ such that gy is minimal. In particular,
® 3.18:

1
0¢ < a2p<m£’p~



262 S. SHELAH AND A. USVYATSOV Isr. J. Math.

Choose ag < a1 < g < ag < ag in I.

0" =Icg® — e ll = | far,as(cg® — )]
=|fa1,a3 (cga - )
-1

_ + -1 —mti41
+ Z fo1,a3 (Cf:“p ' ?il ")+ foras (ca4+ C?il me )

m—2

- —m+4p+1 —m+(m—1
SO S AN (- e PR AR B N (o R |
p=£+1

<o+ + 001 + | fanas (€T = 2O TN 4 ppp 14 oo

The last inequality is true as {| fo,,05 || = 1.
Denote 82 = a4 + £ -1, Bi=09—m+£+1. Find fy < 1 < B2 < B3
in I. Now note that

¢ = e = (6 — ) = (¢ = ) ~ (G — &),
Therefore, || % — ¢}, || < 3ee- S0 (as || fuy,ap I| = 1)

| fans (547 = oy ™) <l 2 = 4 I < 3er:
Putting all the inequalities together (including 3.1.8), we conclude

0" < go+ - F0i-1+ | far,as(Ch cati=1 C?il_m+£+l)| + 0¢+1+ -+ om—1

< (ng—gz)+3gz= ng+2@eﬁ Z@p+2-%zgp

p<m p<m p<m p<m

:(1+%)ng

p<m
which finishes the proof of the Main Claim. |

Now assume m = j% > 1. We aim to show || 7; flo < || 7 Jl1 - (1 + 2). As
usual, we pick ¢ > 0 arbitrary and assume || 7, ||1 + € > Zpcml| tp |1 for some
t, € B} satisfying 1, = Zpcmtp, Where t, = —r;, +71,,1 +5, as in 3.1.3. Denote
for £ <j, 7¢ = gg.j’g(’f‘z.j), i.e. 7y is a copy of r},j in (by).

So by the definition of r; = 7' + g;(r"), we have

Nrjllo=1l7"+f1 —Ff1 4+ —fo+ - +Fjm1 — 71 + g;(r") Jlo-

Now note that g;(r") = 7j: gm(r") = 7, (by 3.1.3), therefore g;(r") =
9m.;(gm(r")) = gm,;(r),). Remembering that m = j? and the definition of
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7;, we get the desired result.
Also remember that v’ = —r§ and Epcms, = 0 (see 3.1.3). We get

lrjllo=||—rb+i1—f1d - +Fii—Fi+F+ D s

p<m 0

=|-Ffo+Ff1—F1+ -+ —Fi +F5 + Zsp

p<m 0
S —'1’;0+7"\1+ZSP +\—T1+7’2+ E Sp
p<j 10 j<p<2s MO
+"'+”—fj_1+fj+ Z Sp
ji=1)<p<m 10
= hl(— fo+f~1+ZsP> + hl(— Pt Y s,,>
p<j Bgi® J<p<2j Brg®
+o 4 hl(—fj_1+fj+ > sp>
J(F-1)<p<m B,
=||h1 (—- r6+r;+z sp> + ||k (— ri+ry,+ Z s,,)
p<j By i<p<2j B3
+ 4+ hl(—rzj—l)j_*_"‘in'}' Z sp) -
j(G-1)<p<m B im

The last equality is true just by definition of 7, and indiscernibility of a; in

B.
Now (remembering that j > 1) we can apply the Main Claim (3.1.7) and get

for each 0 < ¢ < j the following inequality:

hl ( - Té] + 7‘2{_{_1)3 + Z Sp)

£i<p<(e+1)j

B

maz
£3.(e+1)5

2
< (1+3)}"‘21+’”2e+1)j+ Y s
g<p<(e+1); M1
Therefore,
2 ! ! ! !
||T] HOS(].""']‘) —T‘0+7‘j+28p + -—'I‘j+T2j+ Z Sp
p<g M i<p<2i 11

—Thon Tt Y S
J(j=1)<p<m

)

+.+|
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Rewriting the last inequality in a different way, we get

+N—r;+r§j+ Z 3p
1

2\ -1
(1+2) Mrilho <
] J<p<2j

! !
‘—r0+rj+ E Sp
p<j 1

+'+H—7’21_1)]+7‘;n+ Z Sp
i(i-1)<p<m

Sh=ro+ry +so |l +| =ri +7r5 451 s
+ -+ ” _r;n—l +’f‘,lm +Sm._1 ”1
<lirmlli+e

1

which finishes the proof of 3.1.4 (2) for the case ¢ = 1. A similar argument is
used for ¢ = —1, and we are done. |

By 3.1.4 (1), each one of the three sequences (|| 7, ||; : m < w) converges. By
3.1.4 (2), all of them converge to the same limit. Let us denote this limit by
p(r', 7"y e R.

Let V be an ultraproduct of all the V,, modulo some non-principal ultrafilter

4 on w (where V,, is a normed space with the norm || - ||1):
V=] Va/tt
m<w

(see 1.4 for a precise meaning of an ultraproduct of Banach spaces).

Remark 3.1.9:

(1) Certainly, this is where the compactness becomes important. We will use
several times the analog of Lo3 theorem for positive bounded formulae (see
1.4), claiming V E ¢({(§ : i < w)) if V; = ¢(&) for “almost all” 3.

(2) Instead of looking at V,, and V, we should have looked at their com-
pletions, which are Banach spaces, and not just normed spaces, but it
doesn’t matter (see [Henlov] (6.7), or recall that we deal with quantifier
free formulae).

(3) We will think of V' as embedded into our “monster” B.

(4) Note that there is a natural embedding %, of V,, into V:

im(r) =(0,...,0,7,...,7,...),

i€ in(r) =g w—=UVn st. g(k) =0 for k <m and g(k) =r for k > m.
Moreover, for k < m we get iy, [ Vi = tg.

So we will not distinguish between elements of V}, for some m (in fact,
for all k£ > m) and the appropriate elements of V.
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The following discussion will be conducted inside V' (and therefore inside B).
Let b, € V be the “limit” of the sequence (b, : m € w), i.e. by = (b, : m € w)/4l.
Let g,, be the “limit” of (g, : m € w) taking by onto b, .

Remember that given 7,7 € (bo), we defined 7, =1 + g (") for 1<m<w.
We expand our definitions: let rp, = ' + gn(r"), r—m = 7" + gn(r’), for
1 < m < w. Also remember that for 7', 7" as above, we denoted the limit of the
sequences (of real numbers) (|| rn, ||; : m < w) (for ¢ € {1,—1,0}) by p(r',7").
We are going to show now that in the limit model (V), one can exchange the
roles of ' and r”.

Cramv 3.1.10: Let ', 7" € {bo), T = 7' + gm(r"), Tom = 7" + gn(r'), for
1<m<w. Let p=p(r',r"). Then:

(1) Foreverym, || r—m |l1 = || T [|-1;

@) llrollv=1lr-ullv =p

Proof:
(1) First, we show || rm ||=1 > || 7—m |}1. Pick € > 0 and let (as usual) r,, =
> p<m tp Such tl}at lrmll-1+€ 2 > pcmll tp fl-1, where ¢, = -7} +
Tpt1 + 8p, Tp € {bp), 7' = =g, gm(r") = 7y, (see 3.1.3). So

|l rm (-1 +€2> Z | =rp + 7pr1 +8p -1
p<m

= Z | hor(=7p, + 7501 + 5p) 5.
p<m

By indiscernibility, for all p < m,

lh-1(=r5 + i1 + 5p)ll

= || h-l(gp,m—(p+l)(_"’;>) + 9p+1,m—p(r;+1) + 38p) |l

So
[ 7m ||-1+€> Z Il h—l(gp,m—(p-kl)(_r;) + g:o+1,m—p(7';+1) +3p) lls
p<m
= Y 1 B1(Gpmp(=Tp) + Gpr1,m—(pt1)(Tprr) + 5p) Il
p<m
= Z “ gp,m—?(—r;;) + gp+1,m—(p+1)(r;;+1) + Sp ”1
p<m

The equality between the second and third terms is true because of the
definition of h;, h_; on V,, and indiscernibility. Now we conclude the
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following;:

[ l-1+€2 > [ gom—p(=75) + gptt,m—(pr1) (Tpur) + 55 Ila

p<m
> || go,m(=70) + gm,o0(rim) I
=l gm(r) + 7" 1 = 7-m Il1-

As ¢ was arbitrary, we finish. The inequality in the other direction is
proven in the exact same way.

(2) Remember that by 3.1.4, both || rn |l1 and || rm ||-1 are increasing
sequences converging to p. So on the one hand, || 7, |1 < pand || r—p, |1
< p for all m < w (remember that by part (1), || 7—m |1 = || rm {|-1)-
Therefore,

3.1.11:

Irollv<p, llr—wllv <o

On the other hand, for every real € > 0, for almost all m,

rmihZp—& lr-mlli=lrmil-12p-¢

Therefore, for all real ¢ > 0,
3.1.12:

lrallv2p—e, llr—wllv2p-e
Combining 3.1.11 with 3.1.12, we get the desired equalities. |

The following claim can be viewed as the heart of the proof we’ve been working
hard for:

CLamM 3.1.13: tp(bo, by) is symmetric, i.e. tp(bo,b,) = tp(bs, bo)-

Proof: Define the obvious mapping ® from (b, b,) onto itself, extending
9w U g5' (“exchanging” by and b, and respecting the linear structure). It is
obviously an isomorphism of vector spaces, so we just have to show it is also
an isometry. Take r € (b, b, ); then for some ',r" € (bo), r = 1’ + g, (r").
Therefore ®(r) = 7"’ + g,,(r'). Now, by 3.1.10, || r |y = || ®(r) |lv = p(r',r").
|

Now we have obviously reached a contradiction. Why? First of all, note that
as tp(bs, biy1) = tp(a@s, Guy1) for all i € w, we get q(b;, bi+1) for all i (remember:
q(Z,7) defines a partial order on B, (@; : 1 < w) is ordered by ¢). As ¢(%,7) is a
partial order, it is in particular transitive, so q(bo, b,) holds for all m > 0, and
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therefore B k= q(bo, b.,) (Lo’ theorem (1.4)+the fact that g is a positive bounded
type). But by 3.1.13, B |= q(b., bp), a contradiction to ¢ being a partial order!
1

4. Groups

Let G be the “monster” group (the universal domain). As in the previous
sections, we identify the class (of all groups) with its monster. Our first theorem
in this section is a non-structure result.

PROPOSITION 4.1: G has SOP;

Proof: Consider the formula op(x,y) defined by “(zyz~! = y*) A (z #y)”.

* First, we have to show that there is a sequence (a;:4 < w) such that
i < j=p(a;,a;). But this is trivial by using HNN extensions (see [Rot],
p- 407) and compactness.
Secondly, we have to make sure there is no “triangle”, but this is actu-
ally a well-known example in geometric group theory (see [Grp], p. 493)
of a triangle X = {(a,b : aba™'=0?), Y = (b,c : beb" 1 =¢%), Z =

1

{(a,c : cac™! = a?) that generates a trivial group when put together.

Therefore,
Gl (Va,y,2)(ayz t =P Ayzy =22 Az =1 — z=y=2=c¢)
(where e is the group identity). Therefore

G | ~(3z,y, 2)(e(z,y) A oly, 2) A o(z,2)),
as required. |

The proof uses the fact that there cannot be a triangle of a certain kind.
A natural question now is — what about quadrangles? In particular, is the
group H = (a,b,c,d : aba™! = b%,bcb™! = ¢2,cdc™! = d?,dad™! = a?) also triv-
ial? Once again, it’s a well-known fact that it is actually infinite, and the
proof is even more interesting than the fact itself, as it seems very general —
it doesn’t speak at all about the relations between the generators. In fact, the
proof suggests a generalization that roughly speaking says that it is impossible
to “collapse” a group with four generators by forcing relations between only
adjacent pairs. Model theoretically, this leads to the following structure result.
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THEOREM 4.2: G does not have SOPy, not even type-definable.

Proof: Suppose towards a contradiction that a type p(Z,7) exemplifies SOP,
in G. In particular, there exists an indiscernible sequence (@;:i < w) such
that ¢ < j=p(a;,a;). Define for all ¢ € w, H; = (@;)g. We denote len(z) =
len(g) in p(Z,7) by a (not necessarily finite) and assume wlog (by indiscerni-
bility) that there exists o < a such that A, ,.(a;¢ = a}) for all i < w
and (a; ¢ : o* <€ < a,i < w) is a sequence of distinct elements. Define H~ =
(a7 : £ < a*). As a may be infinite, we also assume that @; in fact lists H;, and
therefore H~ = H; N H; for all ¢ < j < w.

By the indiscernibility, there exists for ¢ # j € w, an isomorphism f;;:
H; — H; mapping a; onto a;. Define for all ¢ < j € w, H;; = (a;,a;)g. For
J <1 € w we define H; ; by “relabelling”, changing the roles of a; and a;, i.e. as
aset H; ; equals Hj;, and the group action is defined on it such that there exists
f;f H;; = H;; an isomorphism extending f; ; U f;;. So for j < 4, H;; does
not have to be a subgroup of G (but we can embed it into G, as G is universal,
although not necessarily over H; U H;).

Given two groups GG; and Gy and a subgroup of both, Gy, we shall denote
the free amalgamation (amalgam) of the two over G (see [Rot], p. 401) by
G1 g, G2. Now let us concentrate on Hy, Hy, Hy, H;. Define Ko = Hg - Ho,
Ky = Hy; *g, Hi2, Ko = Hy 3 xg, H3 9. Once again, those groups do not have
to be subgroups of G. It is obvious, though, that Ky is a subgroup of both K,
and Ky (by chasing diagrams, see [Rot], p. 401). So we define K = K xg, K».

G is universal, so we can embed K into G. Denote the image of @, under this
embedding by b; € G. Now we note

CLAIM 4.2.1: tp(bod1,G) =tp(b1b2, G) =tp(bebs, G) = tp(bsho,G) = tp(dods, G)-

Proof: tp(bob1,G) =tp(@oa1, K) =tp(dGod1, K1) = tp(d@od1, Ho 1) = tp(@oa1,G)-
The first equality is true because types are preserved under group isomorphisms
(“embeddings”), and the rest — just the definitions of the groups. Using the
same arguments for tp(biba,G), we get tp(bidz,G) = tp(a@1d2,G), but the lat-
ter equals tp(@od;,G) by indiscernibility. The same argument (replacing K;
by K>) shows tp(babs,G) = tp(@o@1,G). Now tp(bsbo,G) = tp(@sde, K) =
tp(@so, K2) = tp(dsdog, Hso), but the latter equals tp(fgy’g(&g) g”g(c‘zl),g) =
tp(@oas,G) by the definition of H3o and fgy’g , and by indiscernibility we’re
done. ]
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Now we obviously get a contradiction, as by (4.2.1),
G |= p(bo, by) A p(by, b2) A p(bz, bs) A p(bs, bo),

which contradicts the fact that p(Z, ) exemplifies SOP; in G. |

We derive structure and nonstructure corollaries, using model-theoretical
properties that people are more familiar with than the SOP, hierarchy:

COROLLARY 4.3: The class of groups does not have the strict order property.
In other words, no group has the strict order property (in the pure quantifier
free language of groups).

Proof: Obvious, as 4.2 states that the class of groups does not have SOF;,
which follows from the strict order property. |

COROLLARY 4.4: The class of groups is not simple, i.e. there exists a group
with the tree property.

Proof: We constructed a group with SOP;, which implies the tree property;
see 1.3. |
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